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Infinities of the massless spin-} triangle diagram in quantum
gravity
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Abstract. In a massless fermion-graviton interaction field theory, the triangle graph with
three external graviton lines is considered. The infinities arising from this and associated
graphs are calculated in the dimensional regularization scheme, putting the energy-
momentum of one of the external legs equal to zero. These infinities are exactly cancelled
by those of the three-graviton graph originating from the graviton self-energy counter-
Lagrangian density.

1. Introduction

Recently, attention has been paid to the calculation of various graviton self-energy
contributions and to the counter-Lagrangians needed to cancel the infinities arising.
Dimensional regularization manifested itself thereby as a useful tool (Capper 1973,
Capper and Duff 1973, Capper et al 1973a, b and De Meyer 1974, to be referred to as I).
Higher-order diagrams in quantum gravity were also briefly considered (Capper and
Leibbrandt 1974).

In the present paper, we will consider the problem of a spin-i particle triangle
diagram with graviton lines attached; for the sake of convenience, we will restrict
ourselves to a massless fermion loop-particle. It will be checked whether the infinities
arising from the entity consisting of this diagram and two other associated diagrams of
the same type, are cancelled, within the dimensional regularization scheme, by the
infinities emerging from a three-graviton diagram. The latter diagram originates from
the counter term which has resulted from the electron one-loop graviton self-energy
calculation in L

We will specifically choose the weight of the fermion field in such a way that the vertex
functions needed appear in their most simplified form for calculation. As a consequence
of Borchers’ theorem, this simplification is justified in this case. As a second simplifi-
cation, we will put the energy-momentum of one of the external graviton lines equal to
zero. Although complete generality cannot be achieved by this procedure, the proof of
our statement is by no means trivial.
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774 H E De Meyer
2. The triangle diagram

The interaction of massive spin-} particles and gravitons is described by the Lagrangian
density of I:

g = %rav—%(_g)AL’m‘p?ngul//—'(_g)A'I(m_%sklm"Bklm‘\I)n‘yS)l/h (1)
where %,,,, is the usual Einstein-Lagrangian density. In (1) we have put:
WA @)

the parameter w denoting the weight of the fermion field. The metric used is the
Minkowski metric (+, +, +, —), L is the ‘vierbein’ gravity field and B,,,, is related to
the ‘vierbein’ connection B, by:

Bklm = LMkBulm = LukLvl(Lmlrﬁv—auLmv)' (3)

Finally, g stands for the determinant of g,, and € is the complete antisymmetrical
tensor, whereas all other symbols have their usual meaning. In order to obtain the mass-
less fermion theory, the mass is put equal to zero, both in the Lagrangian density and in
the Lagrangian counter term. This operation is permitted as long as finite contributions
are not taken into account (Capper 1974).

The energy-momentum of one definite external graviton line g,, (see figure 1) is set
equal to zero throughout the paper. The weight of the fermion field is chosen such as to
bring the two-fermion—graviton vertex function in a simple form for calculation, eg:

Vaskipyopa) = —3ivup. @
with:

Vs = 275+ 7540)- (5)
where q is the difference between the inflowing momenta p, and p, of the ingoing and
outgoing fermion respectively.

In accordance with the dimensional regularization procedure, the energy—-momentum
vector of the loop particle becomes a vector in 2w-dimensional Euclidean space. As we
are not concerned with the finite contribution from the diagram, it is unnecessary to
work in Minkowski space, or to rotate back to Minkowski space at the end of the
calculation. Putting

—ky = +k; =k, (6)

Figure 1. The triangle diagram.



Infinities of massless spin- triangle diagram 775

which follows from the energy-momentum conservation law, the amplitude for the
triangle diagram can be written as:

42y [—i .
Topys.enk) = (= D> Tr #(_p;{) (‘%Wézl’n))
—1 1 _k 1
X (_p;—p) (_%V(a(zp_k)ﬂ)) (“i(pp_—k)z‘) (_%'Y(y(zp— k)a)) . (7

The trace is worked out after extending the y algebra to 2w-dimensional space (Capper
and Duff 1973), whereas the integral in (7) can be evaluated with the help of the integral
formulae given in the appendix. After a straightforward but lengthy calculation the
following expression is found for the pole part of the amplitude (7):

I35 0H) = iy ko Bans = FoFup 5= Tk kG
+ 0y — Fokak gk ks + Z5k F 15 15— dok> ELp s+ 50(k?)? 0050 ,5— 26(k*)? G g, ,9)
+ tho(keH apron+ kyHogya ) = Thok2(koksG 5,00+ KykoGap.an)
+shok2(kok,Gpo e+ kaksGpy en Kok Gos oo+ KeksGay &)
B2k sk 583 + K pBr06n + koapBon + kbagBiyn)
(k58 + kgs0aat K BrgBac + kdagd,o)]
— 160K [kelkoG s pq + k3G ysan+ KyGap s+ ksGop yn)
+ Kk (kG5 petK5Goo.ae+ Ky Gap st K5Gop )]
+ 155(k*) (825G 15,60 + 0,6G g en)

— 86(k*)(0::G .60+ 0pcG 5,20+ 0,¢Gapont 05:Gap 1)) (8)
in which

E, ;.5 = kokgd,s+k,ksbog, 9)

Faﬂ.yé = kaky(sﬂé + kdkééﬂy + kﬁkyéaa + kﬂkééaw (10)

Gaﬁ,yé = 51y6ﬁ6+5156ﬂ7’ (11)

H,p,5: = Ogekgk ks+0gek,k ks+ 6 ek kgks+ 05ck kg, {12)

The fact that in equation (8) the tensorial indices (&, n) attached to the zero energy-
momentum line do mix with the other indices makes the foregoing calculation non-
trivial.

The diagram in figure 1 must also be completed by a similar diagram, differing from
the former one by a change of loop direction. This is equivalent to an interchange of
the («, f) and (y, d) indices and an overall change of sign of the four-vector k. As equation
(8) is invariant to these transformations, the total amplitude is given by twice the contri-
bution expressed in equation (8).

3. Associated diagrams

To complete our proof, the two diagrams in figures 2 {a) and (b) must also be taken into
consideration. A third diagram with the zero-momentum line on the right gives zero
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(o) (b)

Figure 2. The two associated diagrams.

contribution in the context of dimensional regularization. (This would not be truein a
theory with mass 5 0).

The two-graviton two-fermion vertex with the same weight of the fermion field as in
§ 2 appears to be (sec I):
V:ﬂ,“/é(klr ka;P1sP2)

= 1—16i(7(aéﬁ)aéa(7q6) + }y(yéé)aaa(aqﬂ)) + ﬁi(sayknéﬁé + sﬂyknézé
+ €atiknal‘?‘,‘ + eﬂéknéay)(kl + k2)k7n75 ‘ (13)

It is easy to show that in 2w-dimensional space the y,75 part of equation (13) gives no
contribution to the amplitude from the diagrams in figure 2. After a similar calculation
to that in § 2 and also using the results of Capper et al (1973b) to evaluate the occurring

integrals, the following expression is found for the pole part of the total amplitude of
the diagrams of figure 2:

ole 22K3
Tgﬂ!vﬁ,érr(k) - TlO(k{Hzﬂy&,n + anaB*/éyé) - %kz(kakﬂ(;vé,{n + k‘/kécaﬁ,én)

T @n)’2—ow)s
- g_okz[ké(kaé},&éﬂ” + kﬂé‘,‘&éan + k751ﬂ6&” + kéaaﬁé'/n)
k(e 5055+ KgBo0r K, 81500z + ks 1g0,2)]
+ 36K (kK Gy gy + K K3G, g+ Kok Gog ey + K kG, )
+ 25K Tk iKG 5 pnt ks Grpoan + k G+ KsGgi)
+ko(kaG oo e+ KpGosar + K, Gag se + k3Gag 1)1 +36(k*) (024G 5,20 + 0,5G up.20)
—26(k*)*(02¢G 5,51+ 055G 15,20+ 0,6Gupon + 05:Giag )} (14)
Adding twice the contribution of equation (8) to the contribution of equation (14), the

pole part of the total third-order amplitude of our problem is found. This part will now
be compared to the same order contribution originating from the counter-Lagrangian.

4. The counter-Lagrangian contribution

The counter term in the massless case is (see I):

— \/g 1 1 uv 2
A = = s g CRWR ~R) (15)
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R,, is the Einstein tensor defined by:

=re -4, - ,+Ier, (16)
where
rﬁv = %gpd(gua,v+gav.u_guv,a)' (17)

The counter term in equation (15) is four-dimensional and all further expansions
proceed in four-dimensional Euclidean space. Using the well known parametrization:

g =g"Jg = 0,+Kd,. (18)

where k is the gravitational coupling constant, the expressions for (,/g)R* and (,/g)R ,,R*”
up to third order in x can be evaluated. Therefore. R, is expanded as follows:

R,, = kr,, + K2, +O(?), (19)
where

Puy = HPupvot Pupup ™ Puv.opt 50, P 0p): (20)
and
Ly = %[_%d)}tl,u(ﬁaa,v+¢p/1.ll¢p/1,v+¢li,p¢uv,p+2¢up,a¢av.p—2¢up,).d)vp,i

20— PuoPron = PraPoou ™ CooPurio T P1uPin

+ GurpBurt 20 p0@in0— 30 Pi0B a0~ 10unbin )] 21
The third-order term of (,/g)R? is given by:

Falloo+ 20,7 4= 3ol o)K7, (22)
and that of (\/g)R,,R* by:

P2l F T aB oy T — 3P 137 )3 (23)

As only the three-graviton diagram with one zero energy-momentum line is considered,
only the terms that have no derivatives in at least one ¢ field are witheld. After this
simplification, only terms with one ¢ field that is not differentiated appear. It is precisely
on that field that the functional derivative §/d¢,, operates, since the zero energy-
momentum is associated with the (&, ) tensorial indices. Taking then subsequently the
functional derivatives 6/6¢,; and 6/0¢,5, going over to momentum space and carrying
out the necessary symmetrization operations, the three-graviton diagram contributions
from equations (22) and (23) are obtained. They read:

Tp.ps.el K IV 8IR]

= [keky(Eoppst 0250,6k%) + Ol — kok gk ks — 3K E,p 5 — 5(K?)?6,40,5)

— 33k 5 G g K 3G apen) = HKD)2(0:5G .00+ 0,5G ag en) I, (24)
Tpos el (VBIR, R

= {kek(SE 510+ 3K2Gop 5= i F g 55) + 0yl — 3k K gk ks — 3K* Eqp 1
+%k2F1ﬂ'75—§(k2)2Gaﬂ‘76]—%kz(kakg(;w.éﬂ+kykéGw.§n)
K3k, s o+ Kok oGy e+ gk, g e+ kg G o)
— UK22(8,:G 15 pn + 053G 15,00+ 8,Ging.om + 85:Giap )1 (25)
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The three-graviton amplitude for the counter term of equation (15) thus becomes:

g 1t 1 y
Eﬂ,yé,{q(k) —(2\1 (U) (47[)2 @(3RMVR” _RZ)
K3
= m{kékn(—%f:aﬂ‘y&_’_kzéaﬂ,éya_%szzﬂ.7&+%Fzﬁ.7a)

+ 8y 3kok gk ks + k2 Eog 5~ HK?)28,58,5— k7 Frp 1+ HK?) Gog 5]

+ 5k (koK gG s 20+ KyksGap £y)

— 8k (kok,Gps en+ kaksG gy ent kgkyGos gn+ kgksGoy en)

— #k?) (025G 5,60+ 6,5Gp )} (26)

This is exactly the expression found by adding twice equation (8) to equation (14), as
may be verified directly. This completes our proof.

Considering equations (25) and (26), it is seen that the terms which contain the factor
d,, are second-order amplitudes, satisfying the second-order Ward identities quoted in
I. Calculating the trace with respect to the indices £ and # in both equations yields the
second-order contributions (in k) of the corresponding parts of the counter term apart
from a numerical factor —2.

5. Summary

It has been shown that the self-energy counter term Lagrangian cancels the infinities of
the fermion triangle loop with three graviton lines attached, in the particular case that
one of the gravitons has zero energy-momentum. The technique and some results
outlined in the present paper could be of use in proving the same statement in the case of
a scalar particle loop, of a photon loop or of a neutrino loop, although the calculations
may become more tedious.

Acknowledgments

We express our gratitude to Dr D M Capper for suggesting the problem, and to Professor
Dr C C Grosjean and Dr J Kriiger for a critical reading of the manuscript.

Appendix

In this appendix, a method is given to calculate integrals of the type:

_ f d*p _ f(p)
2n)* (p*Y(p—k)*’

A1)

where f(p,) represents a polynomial in p, of degree not greater than six. If f(p,) can be
factorized such that p? appears as a factor, we are immediately led to the integrals
calculated by Capper et al(1973b). To see how the method works in general, the integral
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J, is calculated in detail:

d2wp 1
2n)2 (P (p— k)

Using three times the parametrization:

1 * 2
’—2=J. dcxe""’,
q 0

together with the formula

J, =

fdz“’p exp(—ap* +2bp) = (g) bl Re(a) > 0.

J, can be reduced to the form:

_'—1—— ) ) - - w) T @ _M 2
Jl—(47r)"’J.o dajo dﬁfo dy(e+ f+7) exp( a+[3+yk)'

Making the substitutions y = ft, a = (1 +t)fs. one finds:

— 1 * * * 2-w 1-w -—w _
J, _(41r)"’_[0 dsJ; dtJ‘0 dppee(1+1t) "“(1+s) exp( B

s(1+1),,
(1+s)k )

Integration with respect to f§ and ¢ yields:

1 o
J, = , F(3—w)(k2)“'3f ds(1 +5)3 " 2ws@ 3
P @nye 0

I'G—w)(k*)* 3*Blw-2,w-1),

(dn)”

779

(A.2)

(A4)

(A.5)

(A7)

where B(x, y) is Euler’s integral of the first kind (Gradshteyn and Ryzhik 1965). The
other integrals J; corresponding to polynomials of degree j—1 can be evaluated in a
similar manner, using differentiation under the integral sign in (A.4). This leadsto:

deup 1
- =1,
I f @0 o —kE
dpr p
= kd = k .
72 f ™ =k el

d2u)p PP )
J=f afp = kokol s+ 0,41,
3 (2n)2w (p2)2(p_k)2 gi3 pla
= dzwp papﬁpy
n)* (P*)(p— k)
d**p  p.pspsp
JS = (2n)2w (pZ)Z(i)iZ)Z = kakﬂkvk617 +GZI’ k“k557‘518+3zl:] 51[35y6197

J, = d’“p  p.PgP,PsPs
@3 (P*)*(p— k)

Js

= kkgh,Is+ ¥ k16,
3p

= kokgk ksk;l, o+ Y kakgk 05,01y + Y ky0p,05:1 12,
10p 15p

(A.10)

(A.11)

(A.12)

(A.13)
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f d*°p p.pep,psb.0,
! Qny* (pP)*p—k)*

+ Y kokgk kyd, 0 g+ Z koks,562,01 15+ Z 8:68,50 1,1 161

15p

= kokgk ks kI,

(A.14)

where the summations are restricted to only those permutations of the indices which

give rise to essentially different terms. The functions I are given by:

1
I, = (4n)wl"(3
I, = -
2= Gy
I, = : rga-
> @y
1
I, = (4n)‘°’r
1
1 3—
T
le = GV @
1
I = G TG
I ——1—1"(2
87 (4my
1
"
1
7 {ny
1
o =W
I
12 ( )(,

1
I3 = —TQ@3-w)(k*) *Blw+4, w—1)

(4m)
1
I, = (Tn)‘“

Iis =

(4 )

—w)(k*)* 3Blw—2,w~1),

w)(k*)* 3Blw—1,w—1),

w)(k2)* "3 Blw, w— 1),

)(k*)* " 2Bw— 1, w) L,

o)k 3Blw+1,w—1),

)(k*)* " 2B(w. )},

—)(k*)**Blw+2. w~1),
~)(k})* 2B+ 1. )},
Il —w)(k*)* 7' Blw, w+ 1),
T(3-w)(k)° 3Blw+3.w—1),
F2-w)(k*)* ?Blw+2. w)},

—-T(1—w)(k*)* 'Blo+1.w+1)1,

I2—w)(k?)* ?Bw+3.w)},

——T(1—w)(k*)° 'Blw+2. w+1)L,

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)
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Ie= LI“(—cu)(kz)“’B(aH-1,w-+-2)§, (A.30)
(4m)”
For our purposes, it has been sufficient to know the pole term in the Laurent expansion
around w = 2 of the expressions (A.15) to (A.30).
Finally, we wish to point out an interesting simplification which is possible in the
case of integrals of the type:

K = f d2°’ 2pkf _2pkf(p.)

A3l
) p—k? (A.31)

It is based on the identity:
2pk = p*+ k> —(p—k)*. (A.32)

Indeed, substituting equation (A.31), we obtain a sum of three integrals, the first one
being of a simpler type, the second one having a numerator of lower degree in p, its
integrand and the third one being zero in the dimensional regularization scheme.

References

Capper D M 1973 International Centre for Theoretical Physics Report ICTP;73/11

——— 1974 International Centre for Theoretical Physics Report ICTP;73/23

Capper D M and Duff M J 1973 International Centre for Theoretical Physics Report ICTP/73/12

Capper D M, Duff M J and Halpem H 1973a Imperial College Report 1C/73/130

Capper D M and Leibbrandt G 1974 J. Math. Phys. 15 795-7

Capper D M, Leibbrandt G and Ramon-Medrano M 1973b Imperial College Report 1C/73/26

De Meyer H E 1974 Lett. Nuovo Cim. 11 498-502

Gradshteyn I S and Ryzhik [ M 1965 Table of Integrals, Series and Products (New York: Academic Press)



